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menting into oscillon “lumps” commonly occur in models.

“riety of phenomena, such as formation of primordial black

IPMU23-0008, KEK-QUP-2023-0006, KEK-TH-2514, KEK-Cosmo-0308, YITP-23-44

Universal Gravitational Wave Signatures of Cosmological Solitons

Kaloian D. Lozanov,>* Misao Sasaki,»?®3% 1 and Volodymyr Takhistov® % 1:¥

'Kavli Institute for the Physics and Mathematics of the Universe (WPI),
UTIAS The University of Tokyo, Kashiwa, Chiba 277-8583, Japan.
2Center for Gravitational Physics, Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan
3Leung Center for Cosmology and Particle Astrophysics,
National Taiwan University, Taipei 10617, Taiwan
4 International Center for Quantum-field Measurement Systems for Studies of the Universe and Particles (QUP,
WPI), High Energy Accelerator Research Organization (KEK), Oho 1-1, Tsukuba, Ibaraki 305-0801, Japan
5 Theory Center, Institute of Particle and Nuclear Studies (IPNS),
High Energy Accelerator Research Organization (KEK), Tsukuba 305-0801, Japan
(Dated: April 14, 2023)

Cosmological solitonic objects such as monopoles, cosmic strings, domain walls, oscillons and

Q-balls often appear in theories of the early Universe. We demonstrate that such scenarios are

generically accompanied by a novel production source of gravitational waves stemming from soliton 3

isocurvature pertulbatlons The resulting induced universal gravitational waves (UGWs) reside at) #* R to the left \
C’IOWGI Trequencies compared to gravitational waves typically associated with soliton formation. [We from the ?ea\«/ 5

show that UGWs from axion-like particle (ALP) oscillons, originating from ALP misalignment,

extend the frequency range of produced gravitational waves by more than two orders of magnitude

regardless of the ALP mass and decay constant and can be observable in upcoming gravitational

wave experiments. UGWs open a new route for gravitational wave signatures in broad classes of

cosmological theories.

1

Introduction.— Aside from particles, long-lived n non- intimately connected with the early Universe and their
linear field configurations 1;993\1_(1}3 solitons often ¢ appear  signatures offer unique probes of new physics.
in physical theories, ranging from those describing con- Solitons form in the primordial Universe through rapid

3en(sle§\1/[m§tlt & fsyls bemis to‘ varlog.s isxtenmons] of t}rthStan- “non-linear processes on scales smaller than the cosmolog® '{
ér odel of © e‘mentaxy particles f(e.g. [1D)- 16 ex- ical horizon. The brief evolution of the inhomogeneities-
treme high temperature conditions of the early Universe ™, officient source for production of gravitational waves

are ideal for the formation of overdense cosmological soli- (GWs), as well exemplified by oscillon formation [12-14]. :
tonl(.: othe‘cts prior to the epoch of Big Bang nucleosyn- The resulting single-peak stochastic GW background has 2 “Fvor peak
thesis [2, 3]. , a central frequency determined by the non-linear scale
Depending on the symmetry properties of matter and [** T5]. Such GW backgrounds are & p'a"g,e“r‘ful p—fo‘l"ome“(—)‘f
the details of a potential cosmological phase transi- the early Universe (e.g. [16, 17]). However, the limited
_ton, distinct types of cosmological solitons, including o teni in the range of frequencies associated with GWs
monopoles (dimension 0), cosmic strings (dimension 1), from cosmological soliton formation often makes experi-
domain walls (dimension 2), associated with topolog- mentally probing and constraining the parameter space

ically non-trivial vacuum, can appear via the Kibble- .
Zurek mechanism [4]. Depending on details of scenarios,
such topological defects can play the role of dark matter
(DM) (e.g. [5]). Theories with attractive self-interactions
of quantum fields can also support long-lived spatially—:l

of the theory challenging.

In this work we establish and explore a novel source of
GWs associated with soliton isocurvature perturbations
that are expected to be a universal feature of cosmo-
logical scenarios involving soliton formation. Isocurva-
ture perturbations correspond to an unperturbed tota totalw
energy density but inhomogeneities in the relatlve num-

of inflation favored by observations [6, 7]. Fragmentation U LPI0MOgehclies 1 L

of a complex scalar field into Q-balls are a typical predic—] ber de depsgp_es of dlffergnj;_ “particle” s

tion of theories aiming to explain the observed baryon- thogonal to_adiabatic (curvature) perturbatlo_ns Where .
anti-baryon asymmetry of the universe (see e.g. [8]). Va- the energy density perturbations do not affect number
densities of particles. Intriguingly, the resulting back- .
“ground of induced universal gravitational waves (UGWs)
sourced at second order by conversion of soliton isocur-
vature perturbations to curvature perturbations extends
to much lower frequencies than GWs associated with
soliton formation extensively discussed in the literature
(e.g. [16, 17]). This opens new routes for probing and
* kaloian lozanov@ipmu.jp constraining broad classes of cosmological theories across
T misao. multiple GW frequency channels and enables us to test
F veakhist@post.kek.jp significantly more encompassing regions in their param-

localized solitonic overdensities. Real scalar fields frag-

holes [9-11], have been associated with such cosmologi-
cal solitons. While unreachable with energies accessible
in laboratories and accelerators, cosmological solitons are
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eter space. As an explicit example, we discuss how this
can lead to novel unique probes of cosmological produc-
tion scenarios of axion-like particles (ALPs) where the
ALP field fragments into oscillons.

GWs from soliton isocurvature— The mechanism for
generating solitonic UGWs can be summarized as fol-
lows. In typical cosmological scenarios with soliton for-
mation, the solitonic matter contributes sub-dominantly
to the énergy density during inflation and only weakly
{e-g.  gravitationally) ] ) interacts with the nflaton feld.
On length scales larger than the non-linear scale as-
sociated with the causal soliton formation process, the
solitonic matter density field has a Poissonian power
spectrum. This Poissonian power spectrum “tail” plays
the role of isocurvature perturbations appearing on sub-
horizon scales at the end of soliton formation. As we
demonstrate, conversion of these isocurvature perturba-
tions into curvature perturbations sources at second or-
der the induced UGW background.

There are several key conceptual differences between
the induced solitonic UGWs we discuss and the recently
proposed production of an induced GW background from
cold DM isocurvature [18]. First, UGWs are expected to
be a universal feature of cosmological scenarios involving
soliton formation and do not require additional assump-
tions such as existence of substantial initial isocurvature
fluctuabions in cold DM. Another important difference is
that we are interested in isocurvature perturbations as-
sociated with sub-horizon scales when the Universe is at
a finite age, which is distinct from Ref. [18] that analyzed
super-horizon isocurvature present from the beginning.

To discuss cosmological perturbations from primor-
dial solitons in generality, we consider a perturbed flat
Friedmann-Lemaitre-Robertson-Walker (FLRW) Uni-
verse metric [19]

p=

= a2(7’) [_(1 + 2\Il)d¢2 e (51'_7‘ o p 2(1)52']' -+ hij)dﬂ?idmj] '
(1.

where a is the cosmic scale factor, 7 is the conformal time,
T is the lapse perturbation function, @ is the curvature
perturbatlon and h;; is the tensor perturbation. We take

“Fhe Universe to be dominated by a radiation fluid with

- density p, and also assume an energetically sub-dominant

&

species of matter of density py that results in formation

of massive solitons at time 7; through some mechanism,
such as those mentioned earlier.

For sufficiently long-lived solitons initially comprising a .

minor contribution to the Universe’s energy budget, they
can lead to a stage of early matter domination that lasts
until their decay into relativistic partmles The expansion
history of this T radiation-matter Universe during the soli-
ton lifetime is given by a/acq = 27/7% + (7/7:)?, where
T, = 2/2 2/Meq and ‘eq’ denotes the time of radiation-
matter equality,. Here aH = H = a'/a = (2/7)(1 +
/7)) (2 + 7/7:) and Heq = keq = 2v/2/7x, with keq be-
ing the mode that enters the horizon at matter-radiation
equality. During this period, isocurvature perturbations

are parameterized by [20)]

ey, S0

= 2
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and can source curvature perturbations. —
Following [18], deep in the radiation domination epoch,

ie. when 1 £ 7 <L 7, the evolution equations cap-
turing the linear generation of curvature perturbations
by isocurvature perturbations, neglecting anisotropic
stresses (with ® ~ —W), are given by

wdz@ 4dd @ 1 dd 9
T e +4\/—K, [ + (1 —z*)® — 25’:' 0,
£S5 1d5 220 1 [dS =g @4l
Lda‘? T dx 6 242k 2 12
g (3)

where k is the co-moving wavenumber, z = k7, K =
k/Heq = k/keq. Here, the time coordmam’ﬁaxates
superhorizon (z < 1) and subhorizon (z >> 1) scales of
the perturbation. The approximate solution, considering
subhorizon scales with = > 1 and radiation domination

regime with ©/k = keq7 < 1, is [ before equality’]

3Sk(Ti) 1 [
kel B [

22k 3
3Sk(7i)

k(T) T 2\/5/4,

[m+\/§sin<%> -

where Si(z) is the sine-integral function and the subscript
k denotes the k-dependence of the initial condl_ggp_ We
have verified that the approximate ' solutions in Eq. (4),
derived for 7; = 0 in Ref. [18], are also attractor solutions
for ¢; = kr; > 1 and thus are applicable to our case of
sub-horizon generation of isocurvature.

The curvature perturbation ® generated from isocur-

vature can induce GWs at second order, vervie

as we overview
in Supplemental Material. Following expressions for in-
duced GWs from curvature perturbations [21, 22], for
Gaussian isocurvature perturbations the resulting in-

} 2
(5)-
where we define the initial dimensionless power spec-
trum of isocurvature fluctuations, (Sk(7;)Sk (7))
(2m2/E3)Pg(k)s®) (k 4+ X'). Here, I? is the oscillation
average of the square of the kernel. Unlike [18], we con-*
sider the kernel for a finite initial time x; = kTy, since we
are interested in sub-horizon modes at the time of soliton
formation. See Supplemental Material for computational

details.
The resulting GW spectrum today is then given by

(22 (L8 " ewa k).

9,0 Gxs,0

‘duced GWs at time z. are given by [18]

/ dv/”“ [41) _(14;: +¢2)2

x 12(x¢, k, u, v)Ps(ku)Ps(kv),

QC‘vW c(k

Qaw,o(k) = Qo (
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where Q.0 ~ 4.18 x 1075172 is the fractional density

_of radiation today [23], and g.«(T.) and g.s(T¢) are the

effective number of degrees of freedom in the energy and
entropy densities at T, respectively. The present day
values of the effective degrees of freedom are g0 = 3.36,
grs,0 = 3.91 and we assume the factors depending on
‘them to be unity.

& ALP oscillons.— We illustrate the utility of our UGWs

LG 03Ch Al
associated with soliton formation by calculating the in-
duced GW production due to oscillons formed by an ini-
tially misaligned ALP field [24, 25]. During inflation,

«- the spectator ALP field is light and forms a conden-

sate, which subsequently fragments into oscillons as the
field becomes massive in the post-inflationary radiation-
‘dominated Universe. As we demonstrate, UGWs from

" isocurvature contributions extend the frequency range of

the GW signal by more than two orders of magnitude
toward low frequencies, compared to GWs from oscillon
formation, regardless of the ALP mass and decay con-
stant. The strength of the signal depends on the fraction

of the energy budget stored in the oscillons.

We consider the formation of oscillons from an ALP
field ¢, governed by the canonical action and potential,

5= [ d'ay=7 | 5007 - V<¢>] o

S S

During inflation ¢ is light with m < Hy,p, and mis-
aligned with ¢ny ~ F. The ALP field starts oscillating
after inflation when its mass becomes greater than the

& Hubble rate. This happens when the Universe is radia-

tion dominated, with p. > pg.

The oscillations of the ¢ condensate drive resonant in-
stabilities of its initially small spatial inhomogeneities,
Tesulting in rapid fragmentation into solitonic _oscillon

“lumps”. The co-moving Hubble scale at the time of os-
cillon formation is H;. Since pg/pg > dpr/pr, the ¢

isocurvature ~ Pg and has two peaks, see Fig. 1.
The first peak of the ¢ energy density power spectrum

% [energy density power spectrum is approximately that of
(1)

@

(3)

is Tocated at a fixed physical wavenumber (thus, increas-
ing co-moving wavenumber) corresponding to the fixed
physical size of the oscillons Rose ~ m™t, located at
kosc(T) ~ a(7)m. Thesecond peak is at a fixed co-moving
wavenumber, corresponding to the fixed co-moving sep-.
aration between the oscillons, r,; ~ 10a;m ™1, located at
kni ~ 10°Ym/a; = const. The “dip” in power between
the two peaks is due to transfer of matter, during os-
cillon formation, from these intermediate scales into the
solitonic objects. For k < k1, the ¢ energy density power
spectrum is Poissonian (o< &%), since the formation of os-
cillon objects can be assumed as statistically independent,
events. Here we ignore the subsequent gravitational in-
Teractions of the oscillons, which is a good approximation
in a radiation-dominated Universe.

We note that on much longer, super-horizon length
scales, k < kyi, progéd by CMB, py has a nearly scale-

e by = 10 e R = 107

0.01 0.10 1 10

k / knl
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FIG. 1. The oscillon isocurvature power spectrum at the time
of formation (solid) and at the time of decay (dashed) for the
fiducial parameters kn7i = 10, koseri = 107, kni = 10%keq.
The UGWs is sourced by the Poissonian part of the spectrum
o« k%, k < kn. The second peak on small scales [7, 14],
evolving towards higher & is due to the individual oscillons.
It leads to the generation of GWs only at the time of oscillon
formation, but not afterwards.

bounds on isocurvature. Specifically, the amplitude of
the isocurvature perturbation of the spectator ¢ from
quasi-de-Sitter inflation is given by [20]
_ (8)

w2292’
where 0 = ¢inys/F. The isocurvature amplitude is con-
strained by the CMB observations [23] to be Ps/As =
Biso < 1072, where Ay ~ 2.2 x 107°, Thus The axion
decay constant F' is bounded as

Hz'n I
\% 2 IsBiso
In what follows, we assume this bound is saturated, i.e.,
F ~105Hymy. ~ W 673

Since we assume the ALP field ¢ to be a spectator field
during inflation, it follows that Hy,y > m. It starts os-
cillating when H ~ m, and the oscillon formation occurs
at H; < 10~'m [6, 27]. The initial total energy density
pi is given by p; = 3m2, H?, which is equal to the radi-
ation energy density pr; with high accuracy. The initial
oscillon density pg; is related to the initial total energy
density as pi/ppi = Geq/a;. Using pg; ~ m?F? and
Qeq/ Qi & Teq/T; = 1/(keqTi), the mass m is related to the
equality wavenumber ke as p;/m?F? ~ 1/keqr;. This
implies

Ps

F o~ 2 10° Hrs 9)

2
2 2 ke‘l Hz

~ mplﬁi 72 (10)

m

As fiducial values for the model parameters we choose
keqTs = 1071, ki = 10, Biso = 1072, which yields F' ~

ohite kg
bot Jor
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4 powhere?
“~J — induced (isocurvature) — induced (decay) = formation [ Furthermore, the transition of the Universe from the (,_3 J(@Caﬂ
: " early oscillon matter domination stage to radiation domi- s
jo-of ;:,::(CMB_S 7 nation will also generically induce GWs [28]. In a matter-

dominated Universe, the scalar metric perturbations do
not evolve with time. The sudden onset of their evolu-
tion at the transition to radiation domination can source
GWs at second order [29, 30]. In Fig. 2 we give this ad-
ditionally induced GWs (assuming instantaneous decay

of the oscillons into relativistic particles) sourced at sec-

“ond order, where a UV cut-off is assumed at the scale k;

where the density perturbation at the matter-dominated

stage becomes nonlinear, i.e., Ps(k) < (aeq/area)? for

x : , s k < k;, where a,qq is'the scale factor at the time of the

o001/ 0100 10 1000 matter-radiation transition. The thick orange curve is

e T faw,o[Hz] for Pg(k; = 1071k,) = 1073, and the dashed orange

curve for Ps(k; ~ 0.215k,;) ~ 1072, Note the sen-

FIC. 2. The GW background from oscillon formation [14]  sitivity of the GW signal to the UV cut-off k; of the
(blue), and the novel UGWs due to oscillon isocurvature linear range of density perturbations. Further, unlike ]

(50_111% red) for the model parameters from Fig. 1 and m = [ UGWSs, the strength of the induced GWs from oscillon de-
107" my. The combination of the two GW signals presents | ¢ays could be impacted by the details of matter-radiation
the unique possibility of probing soliton physics across mul- transition (e.g. [30]). We note that induced GWs from

tiple wavebands with different GW experiments. The rapid

W . e b matter-radiation era transition can also readily appear
transition from early oscillon matter-domination to radiation- Y app

domination epochs, accompanying the oscillon decay, will in other COI}te)ft(S, such as evaporating primordial black
generically induce additional GWs at second order [28]. In holes (e.g. [31-33]).

thick orange and dashed orange we give, respectively, the es- For comparison we also give the GW power spectrum
timated induced GW signal from the linear part of Ps =  generated during oscillon formation [14]. Its peak fre-
(k/kn)?, with'0 < k < ki, for two different UV cut-offs,  quency is close to ko5 and power,
ki/kn = 107" and 0.215."

Qaw(f ~ kose(T:)) ~ (6TT)QM )

(13)

‘mass scale m is set by the choice of input parameters. iliete. 57T < O(1) % (Feqms)

For H; ~ 10~19 co ding to the temperature o0 X \eq i) . .
OEZ 10°GeV), W?Iflla\(/e :;e:jpfg 1251 lo isie et Unwersal G Ws from Solitons.—The induced GWs in

Universal GWs from ALP os czﬂs — After oscillon :ci}}etp scﬂlfonuscerilarllo ?iisentf}d al?ic?vle {;’ P enfemtc pre-
formation, i.e., for 7 > 7, only the k < ky; part of the 1GHIOR 01 al TROGEY O Gils PEIMOEGa, URIVEESE, aiTinE

é isocurvature contributes’ to. bhe someing. of CVe,. For -soliton formation. The preseuce ol the induced GW sig-

k > k,; the isocurvature power spectrum receives con- nal is independent of the nature of the solitons.

tributions only associated with individual oscillons (i.e. hThlS 8 bgcalmé)se in all s %hflon slcenarl?s, She density }?f
spherical soliton-like objects), with dimensionless energy- the matter field comprising the solitons (and sourcing the 3

o GTeTC U Lo hor « . GWs), has a universal shape. On the shortest scales, ks, i }
’ associated with the individual objects (ks in the case of’

df
i F"ﬂO my; and Hmf ~ 1078m,;. From Eq. (10) the axion
|

I aEE oscillons), the matter field is overdense; Ps(ks) > O(1).
TT ¢ % P (11) ; :
o+ Pr P P On longer scales, bounded by the typical distance scale
between neighbouring objects, k,;, the density field is
where Ty T is the ¢ transverse-traceless energy momen- nonlinear Pg(k 2 kni) ~ O(1). On much longer scales,

the spatial inhomogeneities in the matter can be treated
as linear perturbations, Pg(k < k1) < O(1). In the in- ( )
termediate range of k, where the density field transitions
from linear to nonlinear, the power spectrum should take
a Poissonian form due to the causal nature of of the soliton
Tormation mechanism, Pg(k < kny) ~ (k/ lcnl)3
The main focus in the literature has been on the gen-
eration of GWs by the nonlinear part of the source,
Ps(k 2 kni). The numerical lattice studies of the forma-
k/a; tion and evolution of e.g., domains walls, cosmic string
\/m networks, monopoles, textures, Q-balls, oscillons etc.,
capture in great detail the dynamics on the nonlinear
For m ~ 107 18m,y, this gives fo(kni) ~ | Hz. scales, which indeed provides the leading contribution to

tum tensor, being 677 (k > kp;) ~ 0.

If we assume that soon after the ¢ and the thermal
bath energy densities become equal, around 7 = 1/keq,
the oscillons evaporate into radiation, the strength of the
stochastic GW background today is given in fig. 2, and
the frequency scale determined by m is a free parameter.

If we assume standard ACDM cosmological history af-
ter oscillon evaporation, the frequency today is given by

W
p—

-

folk) ~ 10'°Hz. (12)



solitons.

Conclusions.— Cosmological solitonic objects such as
oscillons, Q-balls, monopoles appear in many distinct
theories of the early Universe. We found that such
scenarios are generically accompanied by production of
novel induced universal gravitational waves (UGWs), as-
sociated with soliton isocurvature perturbations. Intrigu-
ingly, universal gravitational waves appear at much lower
frequencies than the gravitational waves associated with
characteristic scales of soliton formation. In the case of °
ALP oscillons, UGWs extend the gravitational wave spec-
trum by orders of magnitude to lower frequencies and can
be observable in upcoming experiments. UGWs establish

_the GW signal in terms of energy. However, due to limi-
~tations in their dynamic range, lattice simulations often
do not cover the quasi-linear large-scale Poissonian part
__of the source. e

In this work we put forth, and explicitly demonstrate
realization in the case of ALP oscillons, that the Pois-
son tail of the spatial distribution can significantly ex-
tend the GW power spectrum to much lower frequen-
cies. This property is shared by all localized solitons,
e.g., monopoles, Q-balls, oscillons, etc.

It is known that the brief nonlinear dynamics of for-
mation gives rise to a single-peak GW power spectrum

centered on a nonlinear scale k ~ ks = ki Subse-  ovel probes and signatures for many distinct classes of
quently, according to our analysis, the Pmisoman part of  hsmological theories leading to soliton formation, sub-
the density field at quasi-linear scales k£ < ki continu- stantially improving and broadening the power of GW

ously sources GWs, significantly extending the infrared experiments and opportunities to explore the early Uni-
tail of the GW spectrum. S,

Configurations of non-localized solitons, e.g., cosmic Acknowledgments—We thank Mustafa Amin, Guillem
string networks, continuously source GWs during their ~ Domenech for helpful discussions. This work is sup-
formation and evolution. The nonlinearly sourced GW ported by World Premier International Research Cen-
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SUPPLEMENTAL MATERIAL
“Universal Gravitational Wave Signatures of Cosmological Solitons”

Kaloian D. Lozanov, Misao Sasaki, Volodymyr Takhistov

In this Supplemental Material we provide an overview of induced GWs generated at second order from curvature
perturbations as well as detailed expressions for their computation relevant for our soliton scenario.

A. Soliton Induced Universal Gravitational Waves

At second order in perturbations, scalar modes source tensor modes (for review see e.g. [22]). The equation of
motion for tensor modes is

hi/] + 27‘[th + Ahm = 'Pijabsab 5 (Sl)
where P;; is the transverse-traceless projector (see e.g. [22, 33|) and the quadratic scalar source is
@’ @’
Sij ~ 40;,90;P + 20; {—'}EZ + (13] 0; |:’H + (I)J (52)

We note that in Eq. (52) we suppressed the contributions from relative velocity perturbations, which are suppressed
on sub-horizon scales that we are interested in.

We discuss the details and kernel of induced UGWs calculations for solitons, following Ref. [18] and highlight-
ing important differences with their calculations. Repeating Eq. (5) of the main text, for Gaussian isocurvature
perturbations the resulting induced GWs at time . are given by

1—|—v A2 — (1 — 22 21272
Qaw,e(k) = / dv / [ v — ey ] x T2 (e, k, u, v)Ps (ku)Ps(kv), (S3)
where 12 is the oscillation average of kernel
Iz, k,u,v) = xc/ dzG(z., &) f(Z, k,u,v), (S4)
zi(k)

involving the Green function of GWs, see eq. (S1). In a radiation dominated Universe

Gz, z) = g—g%(sin(w) cos(Z) — cos(z) sin(Z)), (S5)

and the scalar source term
2 1 o 9 2 (u? +2?) Lous (2u® — v?) 9 ) s (u
WY e Autytzt Quivtat 2 Qutvizt vtz V3
27  (u® — 20?) 9 z 9v3 1 T
e +- cos | V—= ] — —— sin | v—
2 Qudytad udvta V3 2 Quy3x3 u4v 5 V3

- g@ L + 4 sin —|— —v) L sin (u—v
2 Qudv?xd  udvizh udp3x3 u4v4 5 V3

9v3 1 9 1 3 —3uv +v 27
- B u+v) 2 G 1,44 )+ 1,4..6
V3 2u2v3e uiviz vl

sin
4 udy3gs u4v4 )

) 9 1 _3(u —i—3u’u—i—v)+ 27 « cos (u+v)-££-
X cos | (u—v V3 2utv?z? udvtzt utotzs ¢ Vv3)

The oscillation averaged kernel, for sufficiently large Z¢, reduces to

I8 (s by usw) = = [ cos, oolks u,v) + sm,oo(k’u:'u)] ) (S7)



where since we assume radiation domination we have

I(z, k,u,v) = Ios(2, kyu,v) sin e — Iz, b, u,v) cos T, (S8)
and
Teosfonsbyuy) = | daéa?{cf’s?} 1k ,0), (9)
zi(k) smax

and Icos/sin,oo(k;>uav) = limg, 0 Icos/sin(xw k;>u>v)-

Unlike the superhorizon CDM isocurvature scenario [18] in which z;(k) was set to zero, in our case of late-time
generation of sub-horizon soliton isocurvature the lower bound of the integral in Eq. (S4) is k-dependent and typically
greater than unity, preventing the further simplification of the analytic expressions for the integral kernel.



