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Exercise 1: In the lecture we found a result for the propagator of a free theory:

K(φ2, t2;φ1, t1) ≡ 〈φ2 |e
−

iĤ(t2−t1)

~ |φ1〉 =

√

m

2πi~(t2 − t1)
exp

{

im(φ2 − φ1)
2

2~(t2 − t1)

}

.

Verify with this explicit expression that K has the following properties:

(a) “initial condition”: lim
t2→t+1

K(φ2, t2;φ1, t1) = δ(φ2 − φ1) .

(b) “equation of motion”: K fulfils a Schrödinger equation with respect to φ2 and t2.

(c) “decomposition”:

K(φ3, t3;φ1, t1) =

∫

∞

−∞

dφ2K(φ3, t3;φ2, t2)K(φ2, t2;φ1, t1) , t1 < t2 < t3 .

(d) “inverse”:
∫

∞

−∞

dφ2 K̃(φ3, t1;φ2, t2)K(φ2, t2;φ1, t1) = δ(φ3 − φ1) ,

where K̃(φ3, t3;φ2, t2) ≡ K∗(φ2, t2;φ3, t3) describes propagation “backwards in time”.

Exercise 2: Let us consider a potential with a constant tilt, V (φ) = −Fφ. At time t1, the
field has the value φ1, at time t2, φ2.

(a) Determine the classical solution φ
cl
(t) and the corresponding action SM [φ

cl
].

(b) Determine the quantum-mechanical propagator K(φ2, t2;φ1, t1).

[Answer: K =
√

m
2πi~(t2−t1)

exp
{

i
~

[

m(φ2−φ1)
2

2(t2−t1)
+

F (φ1+φ2)(t2−t1)
2 −

F 2(t2−t1)
3

24m

]}

.]

Exercise 3: In the lecture we found a result for the propagator of a 1-dimensional harmonic
oscillator:

K(φ2, t2;φ1, t1) =

√

mω

2πi~ sin[ω(t2 − t1)]

× exp

{

imω

2~ sin[ω(t2 − t1)]

[

(φ2
1 + φ2

2) cos[ω(t2 − t1)]− 2φ1φ2

]

}

.

(a) Make use of K(φ2, t2;φ1, t1) in order to determine tr
[

e−
iĤ(t2−t1)

~

]

.

[Hint: Compute the trace in the |φ〉 basis.] [Answer: 1
2i sin[ω(t2−t1)/2]

.]

(b) Extract from the result of point (a) the energy eigenvalues of the system.
[Hint: Compute the trace this time in the energy eigenbasis.]


